Some physical problems in science and engineering are modelled by the parabolic partial differential equations with nonlocal boundary specifications. In this paper, a numerical method which employs the Bernstein polynomials basis is implemented to give the approximate solution of a parabolic partial differential equation with boundary integral conditions. The properties of Bernstein polynomials, and the operational matrices for integration, differentiation and the product are introduced and are utilized to reduce the solution of the given parabolic partial differential equation to the solution of algebraic equations. Illustrative examples are included to demonstrate the validity and applicability of the new technique.
Introduction
Parabolic partial differential equations with nonlocal boundary conditions feature in the mathematical modelling of many phenomena. Therefore, recently much attention has been paid in the literature to the development, analysis and implementation of accurate methods [1] [2] [3] [4] for the numerical solution of time-dependent partial differential equations with nonlocal boundary conditions. In this paper we consider the following one-dimensional time-dependent diffusion equation:
with the initial condition
and the nonlocal boundary conditions
u(1, t) =
where Q , f , ρ and ψ are known functions, while the function u is to be determined (for convenience the function notation A(t) = u(0, t) and B(t) = u(1, t) is used). The existence, uniqueness and continuous dependence on data of the solution of this nonlocal boundary value problem and some other similar problems have been studied in [5] [6] [7] . The interested reader can also see [8] [9] [10] [11] [12] [13] [14] [15] . We also refer the reader to [3, 4, 1] for more numerical works and the theoretical discussion and some applications.
In recent years the development of computational techniques for solving the nonlocal boundary value problems has been an important research topic in many areas of applied science and engineering. There are several authors who have used the well-known finite difference methods [16] , Galerkin technique, finite element methods, spectral techniques, boundary element procedures, and so on (see [3, 4, 1, [17] [18] [19] [20] and the references therein) for the solution of some kinds of nonlocal boundary value problems. Very recently the authors of [21] developed a method based on the radial basis functions method [22] . The authors of [23] presented a method based on the Galerkin technique. A more extensive list of references and a survey on the progress made on the nonlocal boundary value problems are given in [3] . More works can be found in [24, 17, [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Some theoretical works and applications and numerical methods can be seen in [35] [36] [37] [38] [39] [40] [41] . The subject of the current paper is the one-dimensional parabolic equation with an integral condition; however we refer the interested reader to [42, 43] for the solution of the one-dimensional wave equation subject to an integral condition [42] .
This paper is divided to the following sections. The properties of Bernstein polynomials are presented in Section 2. The numerical schemes for the solution of (1)-(4) are also described in Section 3. The results of numerical experiments are given in Section 4. Section 5 consists of a brief conclusion.
The properties of Bernstein polynomials
The Bernstein polynomials of the mth degree are defined on the interval [a, b] as [44] 
where
These Bernstein polynomials form a basis on [a, b] . There are m + 1mth-degree polynomials. For convenience, we set
A recursive definition can also be used to generate the Bernstein polynomials over [a, b] such that the ith mth-degree Bernstein polynomials can be written as
It can easily be shown that each Bernstein polynomial is positive and the sum of all the Bernstein polynomials is unity for
It is easy to show that any given polynomial of degree m can be expanded in terms of these basis functions. 
The approximation of functions
and ⟨φ, φ⟩ is an (m+1)×(m+1) matrix which is said to be the dual matrix of φ, and is denoted by Q , and will be introduced in the following. Therefore
T dx, and then 
Proof. See [45] .
We define the inner product in L
the absolute error presented in Theorem 1 can be written as 
Proof. We consider the Taylor polynomial
for which we know that
where η ∈ (t 0 , t f ). Since c T φ is the best approximation to g from Y , and y 1 ∈ Y , using (6) we have
, and by taking the square roots we have the above bound.
Now, we want to show this approximation converges to f only with the continuity condition of f when m → ∞.
Definition. We define the modulus of
Proof. See [46] .
where k is the Lipschitz constant.
where c T φ is the best approximation to f from Y . 
The operational matrices of the Bernstein polynomials
The operational matrices for the integration P m , differentiation D m , dual Q m and productĈ m are respectively given by
The details of the obtaining of these matrices are given in [47] .
Solution of the problem
In this section we want to convert the main problem to an equivalent integro-differential equation which includes conditions (1)-(4) using a technique which can be generalized to equations in higher dimensions. From Eq. (1) we can write
and then
From (4) and (7) we obtain
Replacing (8) in (7) yields
For applying (2) we differentiate both sides of (9) with respect to t:
and then integrating both sides of (10) with respect to t gives
and therefore we can write
Now, we approximate the functions that satisfy (11) using the Bernstein polynomials given by (5):
where C , F , and K are (m + 1) × (m + 1) matrices and ρ, ψ, e 1 and e 2 are (m + 1) × 1 matrices; also C is the only unknown matrix and the rest of the matrices are known. Using (12) we have
Substituting (12)- (14) in (11) and using the operational matrix of integration P m , the operational matrix of differentiation D m and the dual matrix Q m yields
Using the operational matrices we have
and so the following set of algebraic equations is obtained:
The extension to higher dimensional problems
This technique can be easily generalized to solve the two-dimensional heat equation with nonlocal boundary conditions. Consider the two-dimensional time-dependent diffusion equation [48] [49] [50] [51] u t = u xx + u yy , with initial condition given by
and the nonlocal boundary specifications [48] u(0, y, t) =
This problem can be converted to an integro-differential equation using the presented technique as
For the two-dimensional parabolic equation with nonlocal and Neumann boundary conditions, the interested reader can see [19, 20] . 
Illustrative examples
To demonstrate the applications of the new method described in the current paper and its performance, the results obtained for several examples [3, 4, 1, 17, 18] are presented in this section.
Example 1. Consider Eqs. (1)-(4) with
which has the exact solution
We plot the estimated and exact solutions in Fig. 1 and present the absolute error u(x, t) for some points in Table 1 .
Example 2. Consider Eqs. (1)- (4) with
which has the exact solution 
Fig. 2. Estimated and exact solutions of u(x, t).
We plot the estimated and exact solutions in Fig. 2 and present the absolute error u(x, t) for some points in Table 2 .
Example 3. Consider the main partial differential equation such that
We plot the estimated and exact solutions in Fig. 3 and present the absolute error u(x, t) for some points in Table 3 .
Example 4. Consider Eqs. (1)- (4) with [30] ρ(x) = 2 cos(π x),
having the exact solution
We plot the estimated and exact solutions in Fig. 4 and present the absolute error u(x, t) with m = 8 and the absolute error u(x, t) obtained in [30] with n = 50 for some points in Table 4 . 
Fig. 3. Estimated and exact solutions of u(x, t).

Fig. 4. Estimated and exact solutions of u(x, t).
Example 5. Consider the parabolic partial differential equation [52] such that 
, which has the exact solution
We first transfer 0 ≤ t ≤ 3 to [0, 1], so the equation is converted to
with the exact solution
We plot the estimated and exact solutions of u(x, t) in Fig. 5 and present the absolute error for some points in Table 5 .
Conclusion
In this paper the operational matrices for integration, differentiation, the product and the dual of Bernstein polynomials basis are utilized to reduce solving the parabolic differential equation with nonlocal boundary conditions to the solution of algebraic equations. The new method presented in the current paper can readily be extended to other appropriate parabolic partial differential equations. The technique is general, easy to implement, and yields very accurate results. The numerical tests obtained by using the method developed in this article show that the new method produces acceptable results. Also the presented upper bound of the error suggests convergence to the exact solution when m → ∞. It is worth noting that the new technique developed in the current paper can be extended to solve similar problems in higher dimensions [48] [49] [50] [51] 19] . In this paper, we finally obtain a system of nonlinear algebraic equations. If the integral kernels are small then the elements of the coefficient matrix of their approximations will be bounded, so the existing coefficient matrices in the system of algebraic equations shrink and can be effectively solved, and thus the accuracy of the method increases.
